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Transonic Inviscid Flow over Lifting Airfoils
by the Method of Integral Relations

Tsze CHENG TAr*
Naval Ship Research and Development Center, Bethesda, Md.

Full inviscid flow equations were employed in a numerical procedure for determining inviscid supercritical flow
over prescribed lifting airfoils. Transverse flow variables were approximated by a number of second-order polynomials
in accordance with the newly developed multiple-strip arrangement. The effects of shock angle as well as entropy
change across the shock wave were evaluated. Five iteration processes were required to solve the subject two-point
boundary value problems in a physical plane. The results obtained for various airfoils (two conventional, one
advanced, and two shockless) under supercritical flow conditions were in good agreement with available experimental

and theoretical data.
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= specific heat at constant volume

= 1/GM %)

= Mach number

= number of effective regions

= number of strips

static pressure normalized by its freestream value

specific entropy

shock location

orthogonal curvilinear coordinates measured along and
normal to the airfoil surface normalized by the chord length

velocity components in Cartesian coordinates, normalized by
the freestream velocity

V..V, = velocity components along and normal to the airfoil surface,

normalized by the freestream velocity
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x,y = Cartesian coordinates normalized by the chord length

o = angle of attack

B = oblique shock angle

y = specific heat ratio

4 = normal distance between the airfoil surface and system boun-
dary normalized by the chord length

0 = inclination with respect to the direction of freestream velocity

p = static density normalized by its freestream value

Subscripts

b = at airfoil surface

0 = at base strip boundary, i.e, at streamline passing airfoil surface

1,2 = before and after shock wave

o = freestream

Introduction

HE currentresearch on transonic flows has been phenomenal

as reflected by the number of survey and/or review papers
that have appeared in the last two years. The Newman-Allison
survey! lists a great many theoretical papers relating to steady
inviscid external transonic flows and provides up-to-date infor-
mation for assessing the state-of-the-art. Four review papers
have recently been published on theoretical methods in transonic
flows.>~* Those by Norstrud® and Wu and Aoyama® summarize
available analytical and numerical methods for the solution of
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an appropriate transonic flow problem and cover a broad range
oftransonicfiows. In contrast, those by Murman? and Yoshihara*
are more or less confined to the area of computational methods.
The former treats existing methods for flows with embedded
shock waves, and the latter is concerned with the hodograph
method for shockless flows and finite-difference schemes for more
general flows. Both papers emphasize methods based on the use
offinite-difference procedures. Papersby Magnusand Yoshihara,®
Murman and Cole,” and Steger and Lomax® typify the use of
these procedures.

The method of integral relations provides another avenue to
the solution of transonic flow problems. In addition to the present
work, other recent applications of the method to transonic flows
past airfoils include those by Holt and Masson,® Melnik and
Ives,'® Sato,'! and Tai'? for various flow conditions in transonic
regime. In the present paper, a numerical procedure has been
developed for calculating transonic flows over lifting airfoils. The
use of full inviscid nonisentropic equations allows an entropy
change across the shock wave. The procedure is applied to two
conventional airfoils, two shockless airfoils, and one advanced
(supercritical) airfoil, all at supercritical flow conditions.

Basic Flow Equations

The partial differential equations that govern a steady,
adiabatic inviscid fluid flow can be written in a Cartesian
coordinate system as follows:

Continuity :
0(pu)/ox +d(pv)/dy = 0 (1
x-Momentum :
(0/0x) (KP+ pu*)+(8/0y) (puv) = 0 @
y-Momentum :
(6/0x) (puv) +(/0y) (KP + pv*) = 0 &)

The boundary conditions are as follows: at the airfoil surface,
the normal velocity component is equal to zero, i.e.,

V,,=usinf+vcosf =0 (4a)
at infinity, the flow is undisturbed, i.e.,
P=p=u=1
v=20 (4b)

One more equation is needed in order to determine the four
dependent variables u, v, p, and P, namely, the isentropic relation
between the density and static pressure

P=p (5a)
This is good for regions prior to the shock wave and the far field.
For regions following the shock wave, where the fluid has a finite

increase in entropy (or a decrease in the total pressure), the
isentropic relation applies along a streamline
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P =p’exp[(S,—5,)/c.] (5b)
The change of entropy (S, — §;) is normally small for transonic
flows. However (as will be discussed later) because of the cor-
responding change of the downstream conditions, it may
influence the location of the shock wave and thus alter con-
siderable portions of the entire flow. Nonetheless, the flow behind
the shock wave is still isentropic along a streamline which serves
as a strip boundary. The new isentropic relation, however, is
based on a new entropy level which is slightly higher than its
freestream value. The new entropy level differs from one stream-
line to another because the shock strength encountered on each
streamline differs.
The value of the new entropy level is obtained in terms of the
static pressure and density immediately after the shock

§;—8; = ¢, In(P,/p,") (6)
For an inviscid flow, the shock must be normal at the surface
in order to keep the flow attached. The Rankine-Hugoniot

relations for normal shock waves are applied here for determining
p, and P,. They are

Pz=p1(?+1)M12/[(V"‘1)M12+2] (7a)

Py=Pi[1+2y(M = 1)/(y + 1] (7b)

Subscripts 1 and 2, respectively, denote values in front of and
behind the shock wave.

It is well known that the shock is curved away from the surface.

Therefore, the oblique shock relations must be used for the inter-
mediate strip boundary.
p2 = prly+ (M sin /[~ DM, sin > +2]  (8a)
P, = P, [1+2y(M,?sin® f—1)/(y +1)] (8b)
where S is the shock angle with respect to the local streamline
direction. When S = 90°, Egs. (8) become the normal shock
relations.

The use of the normal shock relations at the foot of the shock
wave is known to be questionable. Emmons*® found that the
Rankine-Hugonoit relations lead to infinite curvature where the
shock touches the curved wall of the airfoil. Sichel'* proposed a
model which accounts for the non-Rankine-Hugoniot nature of
weak shocks near the wall. The Sichel model includes a viscosity
term to give a system of viscous transonic equations for the non-
Rankine-Hugoniot region. It is difficult to solve these equations
mathematically ; but it has been demonstrated that an oblique
shock wave represents an exact similarity solution.

On the basis of the preceding arguments, therefore, the normal
shock value for the shock jump condition at the foot of the shock
could bein great error for certain cases. In such cases, an oblique
shock jump should correlate the flow better than the normal
shock jump.*3 The angle of the oblique shock, of course, cannot
be resolved without considering the viscous-inviscid interaction.
An empirical curve of the pressure ratio before and after the
shock foot was determined by Sinnot.!®

In order to be consistent with the inviscid model, the Rankine-
Hugoniot relations are applied in the present study at the foot of
the shock wave. In some cases, options of oblique shock values
are also provided with the shock angle as a free parameter.
After the shock wave, the decrease in total pressure is set to zero
for cases labelled with AS = 0 or takes on a Rankine-Hugoniot
value for cases with AS > 0.

Numerical Algorithm

Method of Integral Relations (MIR)

The feasibility of applying the method of integral relations to
supercritical flows over symmetric airfoils at zero angle of attack
has already been studied and demonstrated previously.'? The
approach is now extended to lifting cases.

Briefly, in applying the method of integral relations, the system
of flow equations must be written in divergence form

0 0
a—A(x, you,..)+—Blx, yu.)=0xyu..) 9
x oy
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The divergence form of Egs. (1-3) may then be integrated out-
ward from the airfoil surface (but not necessarily normal to the
surface) to each strip boundary successively at some x station.
This procedure reduces the partial differential equations to
ordinary ones. In order to perform the integration, the variation
of integrand along y must be known. A general approach is to
approximate the integrands by interpolation polynomials, for
example, A by

N
A= Z a () (y—yo)* (109)
k=0
where N is the number of strips, a,(x) are constants evaluated at
strip boundaries and y, is the location of the base strip
boundary. In principle, the actual flow variation may be
represented more closely by an increasing number of strips.

The ordinary differential equations derived by using a second-
order polynomial were presented in the earlier work.'? For use
in the lifting case, however, they are applied separately for both
upper and lower flowfields. The division of the flowfields will be
discussed later.

In order to examine the higher order effect in the MIR, a set of
ordinary differential equations is derived by using a regular third-
order polynomial. The system was coded first for the computation
of upstream flow. The third-order equations were found less
stable than second-order ones. The instability is attributed to
the generation of a negative value of dv/dx in the first few steps
of integration in the upstream region. This negative dv/dx is
contradictory to the physical phenomenon and entirely caused
by the mathematical inflection point of the third-order poly-
nomial. Not every third-order polynomial has an inflection
point, but one easily becomes inflected if it represents a transverse
flow variation from the undisturbed state. Possibly it would have
worked better than the second-order equations in other flow
regions; but in any event, the computation has to start from the
upstream region. Complexity is another unpleasant feature of
third-order equations. For these reasons, they are no longer
employed.

Coordinate Systems

Cartesian coordinates are employed as the basic coordinates.
In the region of the leading edge where drastic changes of body
slopes are involved, a body-oriented orthogonal curvilinear co-
ordinate system is incorporated. The latter is embedded in the
former, see Fig. 1. The solution of the outer region interacts with
that for the inner region. Since the width of the inner region is
normally fairly thin, one-strip approximation is used in this
region. Ordinary differential equations by using a one-strip
approximation in the orthogonal curvilinear coordinates were
obtained earlier.!? The system is now revised by the addition of
a momentum equation to account for the effect of body
properties on the outer flow. The present forms have already
been given in Ref. 17.

FREE-STREAM BOUNDARY COORDINATE SYSTEM

FOR INNER STAGNATION

REGION
s
STREAMLINE USED AS STREAML\NE\\\\JDSEgYA
STRIP BOUNDARY SYSTEM BOU
- !>~ ¢lee
| | s
THENUMBER T~ To _f—  ——— W|g
OF STRIPS IS E
v [INCREASED NEAR &3
THE STAGNATION 13
REGION | AIRFOIL
STREAMLINE

FREE-STREAM BOUNDARY

x

Fig. 1 Coordinate systems and strip boundaries.



800 T. C. TAIL

LINE ¢ (FREESTREAM BOUNDARY)

THIS 1S A 3—2-STRIP SCHEME.

THE SOLUTION ALONG LINE "7"

OF SET (£, 7, {) PROVIDES

BOUNDARY CONDITION FOR SET (a, b, c);

THAT OF SET (a, b, ¢}, FOR SET (0, 1, 2).
LINE n, ¢
LINE b, 2

LINE 1

LINE £, 3,0 pm
X

Fig. 2 Extension of freestream boundary to “infinity.”

There are two reasons for using the preceding coordinate
systems in the physical plane. First, the method of integral
relations is a universal numerical method. If no particular
advantage can be secured by using any sophisticated transforma-
tion, convenience should surely prevail, particularly when
modern high-speed computers are available. Second, where
calculations of supercritical flows involve mixed elliptic-
hyperbolic flow characters, it is difficult to select a function as a
basis of transformation to a computational plane. For example,
functions based on incompressible solution such as used by
Chushkin*®~2° become highly inadequate in the present case.

When a closed form is not available for airfoil coordinates,
the geometry of the airfoil is represented by cubic spline
functions.?*

Strip Boundaries and Division of Flowfield

Even though no transformation of coordinates is involved, the
freestream boundary can still be set at “infinity” in the present
study. This is implemented by a new arrangement of strip
boundaries. As shown in Fig. 2, the idea is to treat the whole
integration domain as a series of different effective regions; a
small number of strips may be used within each region. For
simplicity, only the upper part of a symmetric airfoil is shown.
Three effective regions are designated by strip boundaries
0, 1,2),(a, b, ¢), and (&, 1, {). In each effective region, the flowfield
is divided into two strips and approximated in the usual way
by a second-order polynomial. For strips with lines (0, 1, 2), the
solution may be integrated if the flow properties along line
“2” are given. If line “2” coincides with “b” of set (a, b, ¢), then
the boundary conditions along line “2” are determined by integra-
tion along line “b” with another two-strip approximation for
lines (a, b, ¢). Similarly, the values along line “c” are provided by
results along line “#” obtained from integration of lines (£, #, {).
The integration of all sets should be carried out simultaneously
with a single-valued solution along each line. The procedure may
be repeated many times to extend the final freestream boundary
at “infinity.”

The new arrangement is called N-2-strip integration scheme;
whereas N =3 in Fig. 2. The total number of strips will be
N +1. It allows the use of a large number of strips without need
for the higher order polynomials which usually cause numerical
difficulties in actual computation. For instance, the solution for
the four-strip flowfield in Fig. 2 employs three sets of second-
order polynomials instead of one set of fourth-order poly-
nomials.

In the present approach, some typical streamlines are used as
strip boundaries. The upper and lower flowfields are divided by
the streamline passing along the airfoil surface. In the upstream
region, this streamline is called the stagnation streamline. On
reaching the stagnation point, it splits into the upper and lower
surfaces of the airfoil and meets again at the trailing edge. After
leaving the trailing edge, it flattens out and asymptotically
approaches an undisturbed state far downstream. The equations
for determining the stagnation streamline geometry are derived
by using a procedure similar to that presented in Ref. 22.

Five strips are used in the far field of the upstream region
and eight in the near field of this region for both upper and lower
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sides. Six strips are employed for the leading edge region
including the strip associated with the orthogonal curvilinear
coordinates. The number may be reduced to five if the sonic line
touches the nearest strip boundary. Depending on the flow con-
dition or the local airfoil curvature, four or five strips are
generally used for the airfoil region; the number can even be
decreased to three in the downstream region. The freestream
boundary is set about seven chord lengths away from the airfoil.
The preceding strip arrangement represents somewhat of a com-
promise between accuracy and numerical instability. An impor-
tant factor for the setup, of course, is that it allows the recovery
of the freestream values in the far downstream for the sake of
existence and uniqueness of the solution. The schematic view
of the strip arrangement is shown in Fig. 1.

Numerical Integration

With the partial differential equations reduced to a set of
ordinary differential equations by the method of integral rela-
tions, the numerical integrations were carried out along the
longitudinal axis x by using a standard fourth-order Runge-
Kutta method. A complete solution involves five iteration
processes as discussed in the next section. The details of the
integration have been described in Ref. 17.

A typical converged run on a CDC 6700 computer requires
a storage capacity of about 14,000 and an average of 0.04 sec per
step size for various strip arrangements. In all, 700 to 1000 steps
are needed for integration from upstream to downstream. This
amounts to about 3040 sec for a converged run. To account
for the necessary iterations, some parts of the previous figure
have to be increased 30 to 90 times. Thus, the total computa-
tion time will be somewhat between 15 to 50 min. Now that the
program has been improved and incorporated with an interactive
graphics system, it requires about 5 to 10 min for a typical case.

Two-Point Boundary Value Problem—Iterations

Mathematically, transonic flow past an airfoil constitutes a
boundary value problem. When the governing partial differential
equations are reduced to an ordinary set by some means (such
as the method of integral relations in the present study), the
problem becomes a two-point boundary value problem. The
general strategy for solving the subject problem is the so-called
initial value technique wherein initial values for the integration
are estimated and iterated from time to time until the imposed
or terminal conditions are satisfied. The complete solution
procedure consists of five iteration processes which are illustrated
in Fig. 3 and described below.

Iteration I— Upstream Integration

The upstream flow is influenced by the presence of the airfoil.
The iteration process here is concerned with the feedback of the
geometric and flow properties in the stagnation region to the
upstream flow. The variation of the upstream flow initially

13 OUTERMOST BOUNDARY (FREE STREAM)

ITERATION 1]
{STRONG)

ITERATION 111 6
(STRONG)
o (STRONG)

1,2. UPSTREAM INITIAL &
_ END POINTS

ITERATION |
(WEAK)

3, 9. OUTERMOST BOUNDARY
4. SONIC POINT

5. SHOCK FOOT

6, 10. DOWNSTREAM

7

8

. STAGNATION POINT
. TRAILING EDGE

fITERATION 1v]

L_(STRONG) T e

9 OUTERMOST BOUNDARY (FREE STREAM)

Fig. 3 Iteration procedures for solving subject two-point boundary
value problems.
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P Yem 720 Pobes °'°gii‘;35 including the outermost boundary location, are fixed. The outer-

18.0 - - most boundary location is then approximately set by considera-
7.02 SONIC 0.048400 tion of the accuracy of the solution.

f AR PowT ’ ’— f,g,“:i An alternative parameter is J,, the distance between the end

140 L 6.98 \ ; /\ ooasars 2% station of the upstream region and the stagnation point. Its value

W, |/ I "035 has a direct effect on the velocity gradient at the stagnation

& | point. In this case the approximate value §, is then adjusted

10.0 b 6.90 r such that a continuous solution exists at the sonic point. Although

L 6.50 % 0.0485 the outermost boundary location was used as the varying para-

‘ NACA 0015 AIRFOIL NACA 0015 AIRFOIL meter in all practical computations for the present work, it is

6.0 k Me? D729 1 o Dlsggo M D720 demonstrated that the distance 8, can be employed as the varying

L 6.00 5, = 0.0484035 F Y= 7.0 parameter as well. Figure 4 shows the behavior of the surface

20 L ‘ . ) velocity gradients near the sonic critical point when the quantities

0.010 0.020 ] 5.030 0.010 0.020 ) 0.030 V4 and , are used in turn as the varying parameter. It is clearly

a) Varying with y__ b) Varying with &,

Fig. 4 Velocity gradients near sonic point.

starts through an artificial disturbance. The form of the distur-
bance was assumed initially and subsequently improved through
successive integrations. Since the disturbance is applied only for
the first several steps in the upstream integration, rapid con-
vergence is obtained. The iteration has only a slight effect on the
final result. Thus it is a weak iteration.

Iteration II—Treatment of Sonic Point

For supercritical flows, the ordinary differential equations
have at least one saddle-type singularity at the sonic critical
point (or near the sonic point if the equations are written in
Cartesian coordinates) where the denominator goes to zero when
M = 1. Physically, however, there should be a continuous flow
through the sonic point(s). A continuous solution exists only if the
numerator and denominator of that equation simultaneously
become zero so that the ratio 0/0 still yields a finite quantity.
In order to force the numerator to zero when M — 1, adjustment
of certain unknown parameter(s) in the course of the solution
is mandatory. The present iteration, therefore, adjusts certain
unknown parameters so that a continuous solution exists at the
sonic point.

The height of the outermost strip boundary y  was used as the
varying parameter. It was introduced to modify the original
infinite integration domain to a finite one. Since all the strips
change in thickness as the boundary is moved, there is a direct
effect on the initial condition as well as on the flowfield. First,
the outermost boundary is approximately set in accordance with
a specific strip arrangement and the strip spacings are defined
as fractions of the quantity y_. Integration then proceeds and
the solution generally diverges as it approaches the critical point.
The value of y, is then perturbedf and integration repeated.
The converged solution is obtained by determining the quantity
V., such that the value of the surface velocity gradient
immediately aft of the critical point coincides with that extra-
polated through the critical point. The idea is analogous to the
hypersonic blunt body problem in which the adjustment of the
shock standoff distance is required for a continuous solution
through the sonic point.

In fact, the abovementioned procedure eventually absorbs
all the constituents of the inaccuracies in the initial conditions,
ie., polynomial approximation, strip arrangement, numerical
truncation, approximated values for some physical parameters,
and so forth. If one of the preceding sources of inaccuracy is
changed, the varying parameter has to be adjusted over again.
Thus, determination of the unknown parameter is based on a
combination of fixed values for all other extraneous and physical
parameters. This procedure is similar to that described by
Klineberg et al.>* in connection with the provision of unique
initial conditions by requiring the correct “trajectory” to pass
through the critical point. It is therefore equally valid if another
parameter is used as the varying parameter and the others,

+ The thickness of all strips is perturbed proportionally. If all strips
are fixed, the result is very insensitive to the changes in y,,.

seen that the end effects of both options is the same. The results
indicate that it is appropriate to utilize these two parameters
simultaneously as the varying parameters for handling cases
where the sonic line crosses an intermediate strip boundary as
well as the surface boundary. This kind of situation might
occur under some extreme flow conditions.

The iteration has a marked effect on the final result. Thus, it
is a strong iteration.

Iteration III—Determination of Shock Location

The procedure for determining the shock wave location was
based on the hypothesis that the shock wave location is deter-
mined by the condition whereby the flow returns to its
undisturbed state sufficiently far downstream. It is analogous to
the principle of nozzle flow where the location of the shock is
determined by matching the static pressure at the nozzle exit.
In lifting cases, however, the downstream condition is checked
separately for both upper and lower regions.

During the iteration process, the Rankine-Hugoniot relations
are applied at a number of assumed shock foot locations. After
the shock wave, the integration resumes down to the trailing edge
and finally through the downstream region. The results for each
assumed shock location are then checked to determine whether
the downstream boundary condition is satisfied, i.e., whether the
flow based on a particular shock location approaches a uniform
state in the far downstream. The shock location that meets this
criterion is considered “correct” and the others “wrong.”

In practical computations, however, a complete uniform flow
cannot be obtained because of accumulated numerical errors.
Under these circumstances, a general approach is to consider
that the solution is satisfactory when the uniform flow value can
be bracketed by two integral curves based on two shock locations.
This is shown in Fig. 5 where typical pressure distributions
along the y = 0 strip boundary for the upper region are plotted
for various assumed shock locations for an NACA 0015 airfoil
at M, = 0.729 and o = 4°. Attention is given to the curves based
on shock locations at x = 0.50 and 0.51. Although the difference
in the shock locations is minimal, the difference in the resulting
pressures is not. It is observed that the freestream value is

13- S.L.=030 040 0.50
121
THE FREE-STREAM
PRESSURE 1S
BRACKETED BY TWO
11 CURVES OF S. L. = 050
AND 051 (S.L. = SHOCK
P LOCATION IN CHORD
\ LENGTH)
1.0 — P
0.9
070 060 055 0.52 51
i 1 1 Il L 1 1 ]
08, 2 3 a 5 6 7 8 9

X

Fig. 5 Downstream pressure distribution on y ~ 0 streamline for a
NACA 0015 airfoil at M | = 0.729 and o = 4°,
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bracketed in these two sets of curves. It is also interesting to
note that the freestream pressure is bracketed not only along
the y = 0 boundary but also along other intermediate strip
boundaries.!” The results imply that the downstream boundary
condition is satisfied for all the strips. The shock location
determined by the present procedure is also unique within the
framework of the method. This is supported by the fact that a
wide range of shock locations is covered in Fig. 5. The actual
shock location therefore lies somewhere between x = 0.50 and
0.51.

The principie behind the present iteration is that satisfaction
of the downstream flow condition implies a downstream influence
on the entire flow. The downstream influence propagates to the
upstream throughout the whole flowfield in subcritical flows (see
Iteration I'V). In a supercritical flow, however, part of the influence
propagates up to and stops at the shock wave because the
embedded supersonic region in front prevents the propagation of
any influence to the upstream. In fact, since it is close to the
surface, this part of the influence contributes the major portion
of the downstream feedback. That is why the downstream flow
is so closely affected by shock wave location. The other part of
the influence propagates to the upstream through the inter-
mediate strips where the flow is subcritical. The upstream flow is
affected by this part of the influence through Iteration II.

Iteration IV —Integration for Subcritical Flow

The iteration developed here for the integration of subcritical
flow is based more or less on the ideas used in Iterations II and
III. That is, if there is no embedded supersonic region, there
will be no sonic critical point and no shock location problem.
Therefore, the present iteration is concerned with determining an
outermost boundary location that satisfies the downstream
boundary condition. During the iteration process, the outermost
strip location is adjusted similarly as in Iteration II and the
corresponding downstream results are checked as in Iteration 1.
The freestream value is bracketed in curves with outermost
boundary locations at y_, = 7.04 and 7.06. The result is given in
Ref. 17. 7

The integrations in the downstream region are carried out
separately for both upper and lower regions. This independent
treatment of the upper and lower flowfields provides a clear
indication of the downstream flow trend, and that is important in
bracketing the freestream values for each region. In so doing,
it seems that the pressure distribution along the y =0 strip
boundary is muitivalued. Actually, however, the pressure
distributions obtained along the y >~ 0 boundary from either
region are merely for the purpose of bracketing freestream values;
at most, they can be considered only as neighboring solutions.
And by the same token, the bracketed solutions from both the
regions are themselves the neighboring solutions. Thus there is
no multivalued solution problem. Fortunately there is no need
to find the true solution along either strip boundary in the down-
stream region.

Iteration V—Enforcement of Kutta Condition

The Kutta condition is satisfied by matching the static
pressures at the trailing edge from integrations along both the
upper and lower surfaces. The stagnation point at the leading
edge is changed by utilizing its influence on the initial conditions
for both sides. During the iteration process, a stagnation point
is assumed somewhere at the leading edge and, consequently,
the initial conditions are calculated at respective initial points
a small distance away from the assumed stagnation point. The
numerical integrations are then carried out along both upper and
lower surfaces and the end result at the trailing edge is checked.
If the difference in static pressures at both upper and lower
sides of the trailing edge exceeds a certain specified tolerance, a
new stagnation point is selected. The whole procedure is then
repeated until satisfactory matching in pressure at the trailing
edge is obtained. For purposes of this matching, the pressure
values should be those which satisfy the imposed and downstream
boundary conditions. That is, they should be the converged values
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from Iterations I-1V. Fortunately, if the specified tolerance is not
too small, say somewhere between 2%, and 3%, the present
iteration is easily converged. Inasmuch as it involves the
converged values of all previous four iterations, the present
iteration therefore provides over-all downstream influence to the
upstream region.

The abovementioned procedures are formulated for flow
conditions where the shock wave does not touch the boundary
of the strip adjacent to the airfoil. This boundary is usually set
between 0.7 to 0.9 chord length to allow a full development
of the local supersonic flow. In fact, the present size of the
supersonic pocket covers almost all supercritical flows of practical
interests, including an important class of general transonic flows
considered in existing methods,® '3 all the shockless flows,2* ~2°
and known experimental measurements as well.2839732 -The
physical boundary has even less restraint on the strength of the
shock wave since the latter depends on how favorably the
supersonic flow is developed®? rather than on the size of the
embedded supersonic region. In any case, the numerical results
indicate that the present size of the supersonic pocket is more
than adequate to permit studying the basic features of a super-
critical flow, including the effect of entropy change across the
shock wave.

The method can be readily extended to cases with extreme
flow conditions in which the embedded supersonic region may
cross more than one strip boundary. It is then necessary to
assume the shape of the shock wave in order to locate the
proper station to apply the shock relations at the intermediate
strip boundary. In addition, more than one varying parameter
should be employed for determining the converged solution
through the critical points, as discussed in Iteration II. Since the
iteration involves only part of the over-all flow calculations, no
large increase in computing time is anticipated.

Results and Discussion

Results at supercritical freestream Mach numbers were calcu-
lated for two conventional, one advanced (designed for super-
critical), and two shockless airfoils. Flow conditions were chosen
to enable comparisons with available theoretical and/or experi-
mental data. Since Iterations II, III, and IV are non-negotiable,
they were all carried out accordingly. Iterations I and V have
been converged to within 2.5%.

Figure 6 represents a comparison of the calculated surface
pressure distribution on an NACA 64A410 airfoil at M, = 0.72
and o = 4° and those obtained by using the unsteady finite-
difference scheme of Magnus and Yoshihara® and the experi-
mental data except in the neighborhood of the shock wave.
The disagreement there is attributed to a strong interaction
between shock wave and boundary layer. The agreement between
the present method and the unsteady finite-difference scheme was
generally good. In the unsteady finite-difference scheme, however,
the pressure jump across the shock wave had to be spread in
several steps rather than evaluated by the Rankine-Hugoniot

—— PRESENT METHOD (MIR)
—-— UNSTEADY FINITE DIFFERENCE (MAGNUS AND YOSHIHARAS)
©  EXPERIMENT (STIVERS3?)
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—_—
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Fig.6 Pressure distribution on an NACA 64A410 airfoil at M, = 0.72
and o = 4°.
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Fig.7 Pressure distribution on an NACA 0015 airfoil at M = 0.729
and « = 4°.

relations as employed in the present method. The difference
in the surface pressure due to the use of mixed coordinates was
noticeable between x = 0 to 0.15.

Figure 6 also indicates that if there is an increase in entropy
(or a decrease in total pressure) across the shock wave, its
location moves forward. This phenomenon qualitatively agrees
with nozzle flow in which the shock wave moves upstream in the
case of a smaller total pressure.>®> As a consequence, part of the
over-all flowfield is altered. Hayes** has indicated the problem of
a cumulative nonlinear effect of entropy change which grows to
first-order over a long distance.

Figure 7 compares the calculated surface pressure distribution
on an NACA 0015 airfoil at M =0.729 and o« =4° with
theoretical results obtained by using the relaxation method® and
with the experimental data of Graham et al.3!

The present results show that the location of a normal shock
wave moves forward in case of a finite entropy change across the
shock wave. The trend agrees with that for the NACA 64A410
airfoil, as previously discussed. Furthermore, in the case of an
oblique shock, allowing an entropy change across the shock shifts
the shock location forward; the smaller the shock angle, the
more forward the shock location. The same is expected to be
true if there were no entropy change across the shock wave.
Ferrari and Tricomi'® have demonstrated qualitatively that an
oblique shock wave occurs earlier than a normal shock wave.
Figure 73 of their book compares results of shock-foot locus
from the theoretical prediction of Spreiter and Alksne®® with the
empirical correlation and experimental data of Sinnot.'® The
figure indicates consistently that the Sinnot empirical shock loca-
tions (which correspond to oblique shocks) for various airfoils
were considerably more forward than those obtained by using
normal shock values.

The best agreement of results from the present study with
experimental data was for oblique shock B = 70° and finite

_entropy change. The smaller the shock angle, the better the cor-
relation. Actually, the experimental data revealed a strong viscous
effect near the shock wave. The use of oblique shock options in

14 —— PRESENT METHOD (MIR} NORMAL SHOCK
—=—PRESENT METHOD (MIR) OBLIQUE SHOCK 3 = 80°
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Fig. 8 Pressure distribution on an advanced airfoil of 179/ thickness
ratioat M = 0.70 and « = 1.5°,
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— SONIC PRESSURE

—~ NORMAL SHOCK, AS > 0

0.6 OBLIQUE SHOCK, aS >0,

s = 70°
0.4 T
< T
02 1 | i S |
0 0.2 0.4 0.6 0.8 1.0

x

Fig. 9 Pressure distribution on a Garabedian-Korn airfoil at
M, =075

our formulation, however, has the effect of compensating for
viscous effect. Compared with the theoretical predictions of the
relaxation method,® the present method yielded milder accelera-
tion in the upper leading edge. The two methods were in fair
agreement for results on the lower surface of the airfoil.

Figure 8 shows the surface pressure distribution calculated
for an advanced airfoil of 179, thickness ratio at M = 0.70
and o = 1.5°. A fairly peaky pressure distribution was observed
in the leading edge region for the upper surface. Unlike conven-
tional airfoil cases, the pressure increased all the way toward
the shock wave after the peak velocity had been reached. The
local supersonic flow was therefore favorably developed for
reducing the shock strength as suggested by Pearcey.>? The result
for an oblique shock differed little from that for a normal shock
because the viscous effect is minimal for very weak shock waves.
Moderate acceleration of the flow occurred up to 45% of the
chord on the lower surface and was then followed by a strong
deceleration zone. The cusp near the trailing edge helped to bring
the pressure down to match that of the upper surface.

Figure 9 compares the calculated results on a Garabedian-
Korn shockless airfoil at the design condition of M, = 0.75 with
the original solution of Garabedian and Korn,>” the small
disturbance solution of Krupp and Murman,*® and the experi-
mental data of Kacprzynski et al.?® In general, all three
theoretical solutions agreed fairly well over most portions of the
airfoil surface. After the midchord, the present result started to
deviate from the original shockless solution because the flow
started to accelerate rather than decelerate. The explanation is
that from thereon the surface slopes became negative and cor-
responded to a divergent local area for two-dimensional flow.
Therefore they caused the local supersonic flow to expand and
as a consequence of this local expansion, the flow must be
brought back to its subsonic state by a shock wave. Here again,
both normal and oblique shock relations were applied in the
computation. It was observed that the shock location moved
forward as its strength decreased from a normal shock to an
oblique shock. A further decrease in shock strength would have
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Fig. 10 Pressure distribution on a Nieuwland airfoil at M = 0.7557
and o = 1.32°,
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resulted in a “shockless condition” as a limit. The experimental
data which were measured at slightly different freestream Mach
numbers and angles of attack exhibited considerable variation
or spread in the compression region. These variations are most
likely attributable to a series of weak shocks.

Finally, the results for a quasi-elliptical airfoil by the Nieuw-
land approach®* at M, = 0.7557 and « = 1.32° are presented in
Fig. 10. The original shockless solution tabulated by Lock?°
is also given for purposes of comparison. The agreement between
the two solutions was good except for the occurrence of a
shock wave in the present result. The explanation for this
difference is very much the same as in the case of Garabedian-
Korn airfoil. Similar to previous cases, the oblique shock wave
simulated the flow better than did the normal shock.

Conclusion

The full inviscid flow equations were employed in the present
numerical procedure for determining inviscid supercritical flows
over prescribed lifting airfoils. Transverse flow variables were
approximated by a number of second-order polynomials in
accordance with the newly developed multiple-strip arrangement.
Five iteration processes were required to solve the subject two-
point boundary value problems in a physical plane.

Calculated results for supercritical flows past various airfoils
(two conventional, one advanced, and two shockless) compared
fairly well with existing theoretical and/or experimental data. It
was found that the shock location moves forward when there is a
finite increase in entropy across the shock wave. The correlation
between the present theoretical results and experimental data
was better when oblique shock rather than normal shock was
used. Shock location is shifted forward for an oblique shock ; the
smaller the shock angle, the more forward the shock location.

Therelatively small amount of computer running time involved
and the reasonably good accuracy that is obtainable make the
present method attractive for analyzing transonic full inviscid
flow. Furthermore, because computer storage requirements are
small, it is easy to couple the method with viscous analysis for
the investigation of transonic shock-wave/boundary-layer inter-
action problems.
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